Introduction
D'Alembert's paradox is a well-known phenomenon in fluid mechanics. Consider a continuous unbounded steady flow of an ideal (inviscid) incompressible fluid around a body when flow parameters are equalized far ahead and behind the body. The paradox lies in the fact that the drag calculated on the basis of equations of motion vanishes.
For the flow around a cylinder, this phenomenon was discovered by French mathematician D'Alembert in 1744. For the flow around the body of an arbitrary shape similar result was obtained by L. Euler in 1745.
By virtue of the Galilean principle of relativity one can assume that similar phenomenon exists when a body moves with constant velocity in an unbounded volume of an ideal incompressible fluid that is at rest at infinity. In this case the drag calculated on the basis of equations of motion is equal to zero as well.
This theoretical result is rather strange from the point of view of the theory and common sense. Numerous experiments argued against this phenomenon. When a body moves in a continuous medium there is non-zero resistance force. So the phenomenon, on which the attention of D'Alembert was drawn, is not supported by experimental results. The term "paradox" was first used in relation to this phenomenon by D'Alembert in 1768. As a result, this phenomenon received the name D'Alembert's paradox. There are also other names: the Euler paradox or the paradox of D'Alembert-Euler.
The phenomenon was considered in many studies [1] [2] [3] [4] [5] [6] . Conditions of problem formulation that lead to the paradox were found in these papers. The following factors are indicated among others: setting velocity at infinity, infinite domain, symmetry of incoming flow, stationary motion and non-zero viscosity.
However, it is not clear whether this phenomenon occurs in reality if the assumptions are slightly changed. It is almost impossible to create a symmetrical steady flow of infinite extent. In addition, the motion of any real flow always occurs in the presence of gravity. So, in practice there are always some deviations from those idealized conditions that originally are assumed when dealing with this phenomenon. The question arises whether the D'Alembert's paradox would occur in more realistic conditions. If the drag is not equal to zero it is important to determine the value of its deviation from zero.
The study of the D'Alembert's paradox under more realistic conditions is the purpose of the paper.
Problem Statement
To study the D'Alembert's paradox it is necessary to calculate the drag resulting in the flow of an ideal incompressible medium around a body. In addition, it is suggested to calculate the lift because it is convenient to determine the ratio of drag to lift. Initially we need to solve the flow problem and determine flow velocities and pressure.
Let us consider an ideal incompressible medium. We assume that there is the stationary flow without separation around a circular cylinder of radius R. We change some of the conditions wherein the D'Alembert's paradox is usually considered [3] [4] [5] [6] . The velocity of the incoming flow is not set at infinity but at some finite distance L from the cylinder. Thus, together with the radius R, additional parameter L is introduced which determines the location where initial velocity profile is defined. The condition of infinite flow is relaxed.
We assume that the incoming flow is parallel and it has a predetermined velocity profile in the section located at a distance L from the body. Moreover, the velocity profile is assumed to be slightly asymmetrical. Then the condition of the absolute symmetry of the incoming flow is also relaxed.
We propose to take into account the effect of gravity. This is not a resistance force but it contributes to the vertical component of the force acting on the streamline body. This means that it affects the ratio between horizontal and vertical components of the forces acting on the body so in the analysis of the D'Alembert's paradox under real conditions the force of gravity must be taken into account.
By this means three conditions assumed in the classical formulation are significantly changed. The obtained formulation is much closer to the real conditions. Let us consider two dimensional problem and introduce the Cartesian coordinate system XOY . The origin of the coordinate system is on the cylinder axis.
Let us consider the classical Euler equations for 2D steady-state motion of an ideal (nonviscous) incompressible medium. For the case when the external mass force is the gravity these equations are
Let us introduce dimensionless variables. We assume that L is the length scale, U 0 is the velocity scale, ρU 2 0 is the pressure scale and
L is the scale of acceleration. All dimensionless variables have the same notation as the corresponding dimensional variables.
In the chosen coordinate system the streamline body is given by the equation
where r = R L and 0 < r < 1. The major unknowns are the longitudinal and transverse velocities u, v and pressure p. We also introduce the stream function Ψ 1 (x, y) [1] [2] [3] . Then
Solution is constructed in the form of power expansion
where a nm are some coefficients and N is the maximum power in the expansion. Let us consider boundary conditions. The first one is the condition of impermeability on the surface of streamline body [1] [2] [3] . In our case, the stream line along the contour of the streamlined body is defined by the equation x 2 + y 2 = r 2 and the impermeability condition has the form
where
is the velocity vector and − → n ( x r , y r ) is the normal vector to the stream line. For the second boundary condition we define the velocity profile in cross-section located at a finite distance from the streamlined body. We choose a cross-section parallel to the OY axis located on the left side from the cylinder at the distance L from the origin. In dimensionless variables such section is determined by equation x = −1. We assume that in this section the flow is parallel to the OX axis. Then transverse velocity is zero. The second boundary condition is
To solve the problem it is suggested to use not the Euler equations but the first integral of these equations. The first integral of the Euler equations contains additional information on relationships between variables, and allows us to consider the flow problem and D'Alembert's paradox from another point of view. The first integral in the case of 3D motion of a viscous imcompressible medium is given in [7] [8] [9] [10] [11] . In the case of 2D steady-state motion of an ideal imcompressible medium one need to put
Then the first integral of the Euler equations takes the form
Here p 0 is an additive pressure constant, Ψ 2 is new unknown variable due to integration, U is the velocity value and d is the vortex energy. The last is defined by the following expression
Equations (8-10) are simpler than original equations (1-2). Derivatives of unknowns u, v, p are absent in (8-10) so it is easier to find the solution of the problem. It is necessary to satisfy continuity equation (3), boundary conditions (6-7) and to solve equations (9) (10) .
Unknown value of p is determined from (8) and (11). When pressure function p(x, y) is known one can determine drag and lift and begin to study the D'Alembert paradox.
Solution of the flow problem
Preliminary analysis shows that it is sufficient to set N = 5 and assume 0 n + m 5 in the right-hand side of expression (5) .
Then, according to (4), velocities are defined by the fourth degree polynomials. The first term for u(x, y) is a 01 . Let us assume for simplicity that a 01 = 1. This means that the first term in the expansion of dimensional longitudinal velocity is equal to U 0 .
Then we have the following expressions for longitudinal and transversal velocities 
where a nm are some coefficients introduced in (5). Equalities (12-13) satisfy continuity equation (3), and we need to determine coefficients a nm . It is convenient to divide the solution of the flow problem into three stages. In the first stage one need to satisfy boundary conditions (6-7). Then, one should solve equations (9-10) with respect to unknown Ψ 2 . In the last stage one need to determine p, according to (8) , and calculate the drag and lift.
Boundary conditions
Let us consider relations (12-13). They contain undetermined coefficients a nm . These coefficients are treated as basic ones. They are chosen so that boundary conditions (6-7) are satisfied. To satisfy (6) the following relation must be true
where ξ kl are some auxiliary coefficients. Relation (14) allows us to determine the values of auxiliary coefficients ξ kl in terms of basic ones and to express coefficients a nm with bigger values of (n, m) in terms of coefficients with smaller values of (n, m). Coefficients ξ kl depends on a nm . They play an auxiliary role and are not used. Upon some rearrangement, we obtain 
Let us impose restrictions on coefficients to satisfy second boundary condition (7). It follows from (7) that for x = −1 the transversal velocity should be equal to zero. Then all coefficients at y m in expression for v(−1, y) must be equal to zero. where e j are some coefficients.
As it follows from the preceding discussion, this expression must be an asymmetrical function so the odd coefficients are not equal to zero, that is, e 1 ̸ = 0 and e 3 ̸ = 0. 
where e 1 and e 3 are some non-zero parameters.
If equations (18-19) are satisfied then boundary condition (7) 
As a result, relations (16-17) and (21) satisfy both continuity equation (3) and boundary conditions (6-7). The first stage of solution is completed.
Determination of associate unknown
Let us consider equations (9-10). These equations must be solved with respect to associate unknown Ψ 2 . In the framework of the present approach Ψ 2 is also represented in the form of power expansion
where b nm are some unknown coefficients, 0 n + m 5. Let us find u 2 − v 2 and uv. To do this we equate coefficients at the same powers on both sides of the relation. We arrive to a system of linear equations with respect to b nm . The system has a solution if certain conditions of compatibility are satisfied. These conditions are a 11 a 10 + 12 ( 
Equations (23) are non-linear because Euler equations (1-2) are nonlinear. The solution of (23) defines the values of three base coefficients a 10 , a 11 , a 02 . Knowing these coefficients, one can determine all other quantities, namely, u, v and Ψ 2 .
In particular, the coefficients b nm that define Ψ 2 are the solution of inhomogeneous linear system of equations. Unknown function Ψ 2 includes three still unknown coefficients a 11 , a 02 , a 10 . The second stage of solution is completed.
Determination of pressure, drag and lift
In the third stage of solution one need to determine p and values of drag and lift. To do this we use expressions (8) and (11) . The unknown p is defined by u, v, Ψ 2 , and they depend on base coefficients a 11 , a 02 , a 10 .
Within the framework of the used approximation with N = 5, expression for p has the form 
where p nm are some coefficients which also depend on base coefficient a 11 , a 02 , a 10 . Let us now consider drag and lift. Given the assumption of the flow without separation we have [1] [2] [3] The integrand is defined by (24) with the substitution x = r cos φ, y = r sin φ. Note that following pattern is detected. The terms of the form x n y m with odd number n + m give a non-zero contribution to right-hand sides of (25 ) ,
Coefficients p nm given in (26) should be calculated with the use of (8) 
The right hand side of (27) contains still unknown coefficients a 11 , a 02 , a 10 . To determine them one need to solve the system of nonlinear equations (23). The analytical solution of (23) is rather difficult. Let us consider the case r 2 ≪ 1. It means that the radius of the cylinder is small in comparison with the size of incoming flow. Let us construct a solution of (23) in the form of expansion in term of the small parameter r 2 [12] . Then unknown base coefficients are represented in the form
Preliminary analysis shows that in our case it is necessary to set a
nm , a (2) nm , a (3) nm are as follows
Transforming relations (26) and taking into account (28) and (29), we obtain relations for drag and lift 
Relations (30) are new. They allow us to calculate the values of F x and F y in relation to parameter r and asymmetry parameter e 1 . F x depends on parameters r and e 1 . Whereas F y depends also on g. The latter is the contribution from the buoyancy force. We designate the buoyancy force as F arh . The dimensionless value of F arh is
The D'Alembert's paradox
The force F arh is directed vertically upward. Let us calculate the value of this force for some It seems logical to compare the value of F arh and the value of actual lifting force caused by the incoming flow. We designate this force as R y . It follows from (30) that Let us proceed to the analysis of the drag force F x . In our case it is described by first relation (30). Comparison of obtained relations for F x and R y leads to the following conclusions.
1. The first terms in these relations have different orders with respect to r 2 . The first term in relation for F x is proportional to r 6 while in relation for R y is proportional to r 4 . It means that the value of the drag F x is far less than the magnitude of the force R y for small values of r 2 . Since we assume that the value of r 2 is small then the assertion is true for our case. One should note that it is valid only for sufficiently small values of e 1 .
2. The first terms in relations for F x and R y depend variously on parameter e 1 . The first term in relation for F x is proportional to e 2 1 while the first term in relation for R y is proportional to e 1 . If the asymmetry parameter is greater than 1 then the relation between F x and F y can be changed even for a small value of r 2 . Then F x may be comparable to R y in magnitude.
Calculations confirm this analysis. 
In this case the ratio between horizontal and vertical components of the force acting on the streamlined body is changed. In fact, if inequality (33) is satisfied then the sign of F x is not changed because F x is proportional to e 2 1 , according to the first relation (30). In contrast, the sign of R y is reversed, because R y is proportional to e 1 . Since the buoyancy force F arh is always positive the magnitude of F y is decreased. This means that the ratio F x F y is also decreased. Then 
Conclusion
The results of the study are as follows. When considering the D'Alembert paradox under real conditions we assume that the incoming flow is symmetrical, the ratio of the streamlined body size to the size of the incoming flow is small, and the extent of the flow is infinite in both directions. If these assumptions are modified or relaxed then the D'Alembert's paradox may not occur in its classic version.
The D'Alembert's paradox may also not occur if the influence of the gravity force is taken into account.
